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RATIONAL POINTS OF UNIVERSAL CURVES IN POSITIVE
CHARACTERISTICS
TATSUNARI WATANABE
Abstract. Let K be the function field of the moduli stackMg,n/Fp of curves
over SpecFp and let C/K be the restriction of the universal curve to SpecK.
We show that if g ≥ 3, then the only K-rational points of C are its n tautologi-
cal points. Furthermore, we show that if g ≥ 4 and n = 0, then Grothendieck’s
Section Conjecture holds for C over K. This extends Hain’s work in charac-
teristic zero to positive characteristics.
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1. Introduction
Suppose that C is a geometrically irreducible smooth projective curve over a
field k. Let Gk be the absolute Galois group of k. Associated to the curve C, there
1
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is a short exact sequence of algebraic fundamental groups:
1→ π1(Ck¯, x¯)→ π1(C, x¯)→ Gk → 1,
where k¯ is the separable closure of k and Ck¯ = C ⊗k k¯. Each k-rational point x
of C induces a section sx of π1(C, x¯) → Gk, which is unique up to conjugation
by elements of the geometric fundamental group π1(Ck¯, x¯). Grothendieck’s section
conjecture states that when C is hyperbolic and k is a finitely generated infinite
field, there is a bijection between the set of k-rational points and the set of conjugacy
classes of sections of π1(C, x¯) → Gk via the association x 7→ [sx]. Hain proved in
[11] that if g ≥ 5, char(k) = 0, and the image of the ℓ-adic cyclotomic character
χℓ : Gk → Gm is infinity, the section conjecture holds for the restriction of the
universal curve C → Mg/k to its generic point Spec k(Mg). In this paper, we
will extend his results to positive characteristic. Before stating our main results,
we need to introduce notations. A curve C/T of type (g, n) is a proper smooth
morphism C → T whose geometric fibers are connected dimension-one schemes of
arithmetic genus g and that admits distinct n sections si : T → C. Suppose that
2g−2+n > 0. Let k be a field. Denote the moduli stack of curves of type (g, n) over
Spec(k) byMg,n/k and the universal curve over it by Cg,n/k. Let K be the function
field of Mg,n/k. The generic curve of type (g, n) over K with g ≥ 3 is the pullback
of the universal curve Cg,n/k to the function field K. The key ingredient that allows
us to use Hain’s methods in positive characteristic is the comparison of algebraic
fundamental groups of a certain finite e´tale cover of Mg,n. For a prime number ℓ,
there is a finite e´tale Galois cover Mλg,n of Mg,n/Z[1/ℓ] := Mg,n/Z ⊗ Spec(Z[1/ℓ])
that is representable by a scheme and has a smooth compactification over Z[1/ℓ]
whose boundary is a relative normal crossing divisor over Z[1/ℓ]. Such covers were
explicitly constructed by Boggi, de Jong, and Pikaart in [3], [16], and [23]. Denote
the moduli stack of curves of type (g, n) over Spec(k) with an abelian level r by
Mg,n/k[r]. When the ground field k contains an rth root of unity µr(k¯), we always
assume that Mg,n/k[r] is a geometrically connected smooth stack over Spec(k).
Suppose that p is a prime number, ℓ is a prime number distinct from p, and m is
a nonnegative integer. Let Cg,n/F¯p [ℓ
m] →Mg,n/F¯p [ℓ
m] be the universal curve over
the stack Mg,n/F¯p [ℓ
m].
Theorem 1. Let K be the function field of Mg,n/F¯p [ℓ
m]. If g ≥ 4 or if g = 3, p ≥
31, and ℓ = 2, then the only K-rational points of Cg,n/F¯p [ℓ
m] are its n tautological
points.
The corresponding result in characteristic 0 follows from results in Teichmu¨ller
theory [15, 5] due to Hubbard, Earle and Kra. Our approach is to apply Hain’s
algebraic methods in positive characteristics.
Let Fq = Fp[ζℓm ], where ζℓm is a primitive ℓ
mth root of unity.
Theorem 2. Let C/L be the restriction of the universal curve
Cg/Fq [ℓ
m] → Mg/Fq [ℓ
m] to the generic point SpecL of Mg/Fq [ℓ
m]. Let L¯ be the
separable closure of L, and let x¯ be a geometric point of CL¯. If g ≥ 4, then the
sequence
1→ π1(CL¯, x¯)→ π1(C, x¯)→ GL → 1
does not split.
1The result is true for the case g = 3 and p = 2, and it is dealt with in the author’s thesis.
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Corollary 3. The section conjecture holds for the generic curve C/L.
The first key tool used in this paper is the theory of specialization homomorphism
from [6, SGA 1, §X, XIII]. This allows us to compare the maximal pro-ℓ quotient
of the fundamental groups of Mλ
g,n/Q¯p
and Mλ
g,n/F¯p
when ℓ 6= p. The essential
tools used in Hain’s original paper [11] and this paper are weighted completion and
relative completion of profinite groups. The theory of weighted completion was
developed by Hain and Matsumoto in [14]. For a curve C/T , let GSp(HQℓ) :=
GSp(H1e´t(Cη,Qℓ(1))) with ℓ a prime not in the residue characteristics char(T ) of
T . There are natural monodromy actions of π1(C, η¯) and π1(T, η¯) into GSp(HQℓ)
with the Zariski closure R of their common images. One can take the weighted
completion of π1(C, η¯C) and π1(T, η¯T ) with respect to R to obtain Qℓ-proalgebraic
groups GC and GT . These are extensions of R by a prounipotent Qℓ-group. In
this paper, R is equal to the whole group GSp(HQℓ). For the universal curve
Cg,n/k → Mg,n/k, the Zariski closure G
geom
Mg,n/k¯
of the image in GMg,n/k(Qℓ) of the
composite π1(Mg,n/k¯, η¯) → π1(Mg,n/k, η¯) → GMg,n/k(Qℓ) is an extension of the
reductive group Sp(HQℓ) by a prounipotent Qℓ-group and its Lie algebra g
geom
g,n
is a pro-object of the category of the GMg,n/k -modules. Each finite-dimensional
GMg,n/k -module V admits a natural weight filtration:
V =WmV ⊃Wm−1V ⊃ · · · ⊃WnV
such that each weight graded quotient GrWr V is a GSp(HQℓ)-module of weight
r. Each natural weight filtration induced on ggeomg,n satisfies the property that
ggeomg,n =W0g
geom
g,n and its pronilpotent radical u
geom
g,n is negatively weighted: u
geom
g,n =
W−1u
geom
g,n . Theorem 1 and 2 are proved by using the structure of the truncated
Lie algebra GrW• (u
geom
g,n /W−3).
Acknowledgments: I am truly grateful to my advisor Richard Hain for his support
and many helpful, useful discussions. I am also very grateful to Makoto Matsumoto
for his suggestions and comments on key technical parts of this work.
2. Fundamental Groups
For a connected scheme X and a choice of a geometric point η¯ : Spec Ω→ X , we
have the e´tale fundamental group of X denoted by π1(X, η¯). More generally, for a
Galois category C with a fundamental functor F , we have the fundamental group
π1(C, F ). When C is the category of finite e´tale covers E of X and F = Fη¯ : E 7→
Eη¯ := E ×X SpecΩ, we have π1(C, F ) = π1(X, η¯). When X is a field k and k¯ is an
algebraic closure of k, we have π1(Spec k, Spec k¯) = Gk := Gal(ksep/k), where ksep
is the separable closure of k in k¯. In this paper, we will need the extension of this
theory to the Deligne-Mumford stacks, which are constructed in [21].
2.1. Comparison theorem. Suppose that k is a subfield of C. Let k¯ be the
algebraic closure of k in C. For a geometrically connected scheme X of finite type
over k and a geometric point η¯ : SpecC→ X , there is a canonical isomorphism
πtop1 (X
an, η¯)∧ ∼= π1(X ⊗k k¯, η¯),
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where Xan denotes the complex analytic variety associated to X and πtop1 (X
an, η¯)∧
denotes the profinite completion of the topological fundamental group of Xan with
the image of η¯ as a base point. Furthermore, for a DM stack X over k, the corre-
sponding analytical space denoted by X an is an orbifold (or a stack in the category
of topological spaces) and we have the orbifold fundamental group πorb1 (X
an, x) of
X an with an appropriate base point x → X an. The above comparison theorem
extends to DM stacks over k (see [22] for details): there is a canonical isomorphism
πorb1 (X
an, x)∧ ∼= π1(X ⊗k k¯, x),
where x : SpecC→ X is a geometric point of X .
2.2. Fundamental groups of curves. Let C be a smooth curve of genus g over
an algebraically closed field k such that C is a complement of n ≥ 0 closed points
of its smooth compactification. Fix a geometric point η¯ of C. When char(k) = 0,
the fundamental group of a smooth curve does not change under extensions of
algebraically closed fields of characteristic zero [25, 5.6.7], and thus we may assume
that k is a subfield of C. Then by the comparison theorem the fundamental group
π1(C, η¯) of C with base point η¯ is isomorphic to the profinite completion of the
group
Πg,n := 〈a1, b1, . . . , ag, bg, γ1, . . . , γn|[a1, b1][a2, b2] · · · [ag, bg]γ1 · · · γn = 1〉.
When char(k) = p > 0, Grothedieck proved in [6] that the maximal prime-to-p
quotient2of π1(C, η¯), denoted by π1(C, η¯)
(p′), is isomorphic to the maximal prime-
to-p completion of the group Πg,n.
2.3. Fundamental group of the generic point of a variety. Suppose that X
is a smooth variety over a field k. Let K = k(X) be the function field of X and η¯
be a geometric point lying over the generic point of X . We may take this geometric
point η¯ as a base point for any open subvariety of X . For divisors D ⊂ E of X
defined over k, there is a canonical surjection
π1(X − E, η¯)→ π1(X −D, η¯)
and thus there is a projective system of profinite groups:
{π1(X −D, η¯)}D,
where D is taken over the divisors of X defined over k. Fix an algebraic closure K¯
of K. Let Ksep be the separable closure of K in K¯. Then the Zariski-Nagata [6,
Theorem 3.1] implies
Proposition 2.1. The canonical surjection
GK → lim←−
D
π1(X −D, η¯)
is an isomorphism.
2Here the maximal prime-to-p quotient G(p
′) of a profinite group G is the projective limit of
its finite continuous quotients of order prime to p.
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3. Monodromy Representation
Suppose that S is a connected scheme, and that f : X → S is a proper smooth
morphism of schemes whose fibers are geometrically connected. Let s¯ : Spec Ω→ S
be a geometric point of S and x¯ be a geometric point of the fiber Xs¯ of X with
a value in Ω. Let char (S) be the set of residue characteristics of S and let L be
a set of prime numbers not in char(S). The following results are from [6, SGA
1, Expose´ XIII, 4.3, 4.4]. Let K be the kernel of the canonical homomorphism
π1(X, x¯) → π1(S, s¯) and N be the kernel of the projection K → K
L where KL is
the maximal pro-L quotient of K. Then N is a distinguished subgroup of π1(X, x¯)
and we denote by π′1(X, x¯) the quotient of π1(X, x¯) by N . Also we denote by
πL1 (Xs¯, x¯) the maximal pro-L quotient of π1(Xs¯, x¯). In general, the sequence
πL1 (Xs¯, x¯)→ π
′
1(X, x¯)→ π1(S, s¯)→ 1
is exact, but if the morphism f : X → S admits a section, it becomes also left
exact:
1→ πL1 (Xs¯, x¯)→ π
′
1(X, x¯)→ π1(S, s¯)→ 1.
In this case, we obtain a monodromy action
ρs¯ : π1(S, s¯)→ Out(π
L
1 (Xs¯, x¯)).
Variant 3.1. When the set L contains only one prime number ℓ, we denote πL1 (Xs¯, x¯)
by π
(ℓ)
1 (Xs¯, x¯) instead.
Proposition 3.2. Suppose that T is a locally noetherian, connected scheme, and
that ℓ is not in char(T ). Let f : C → T be a curve of genus g ≥ 2. Then the
sequence
1→ π
(ℓ)
1 (Cη¯, x¯)→ π
′
1(C, x¯)→ π1(T, η¯)→ 1
is exact.
Proof. Suppose g ≥ 2. Let Cg → Mg be the universal curve of genus g. By
assumption, we have the fiber product
C //

Cg/Z[1/ℓ]

T //Mg/Z[1/ℓ]
where Mg/Z[1/ℓ] := Mg ⊗Z Z[1/ℓ]. Thus it will suffice to show for the universal
curve Cg/Z[1/ℓ] →Mg/Z[1/ℓ]. This follows from the commutative diagram
π
(ℓ)
1 (Cη)
// π′1(Cg/Z[1/ℓ]) //

π1(Mg/Z[1/ℓ]) //

1
1 // π(ℓ)1 (Cη) // Γ
arith,(ℓ)
g,1
// Γarith,(ℓ)g // 1,
where the profinite group Γ
arith,(ℓ)
g,n is the fundamental group of the Galois category
C(Mg,n/Z[1/ℓ]) defined in [13, §7] and the rows are exact. 
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Suppose that T is a locally noetherian connected scheme, and that C → T is a
curve. Fix a prime number ℓ not in char(T ). Then we have the exact sequence
1→ π1(Cη¯, x¯)
(ℓ) → π′1(C, x¯)→ π1(T, η¯)→ 1,
from which we obtain a natural monodromy action of π1(T, η¯) on
Hom(π1(Cη¯, x¯)
(ℓ),Zℓ(1)) ∼= H
1
et(Cη¯ ,Zℓ(1)). Denote H
1
et(Cη¯,Zℓ(1)) by HZℓ . The
action of π1(T, η¯) respects the Weil pairing θ : Λ
2HZℓ → Zℓ(1). Hence we obtain a
representation
ρη¯ : π1(T, η¯)→ GSp(HZℓ).
In particular, when T is defined over a field k, we have the commutative diagram
π1(T, η¯)
ρη¯ //

GSp(HZℓ)
τ

Gk
χℓ // Gm(Zℓ)
where the left-hand vertical map is the canonical projection, the right-hand vertical
map τ is the natural surjection, and where χℓ is the ℓ-adic cyclotomic character.
4. Moduli of Curves with a Teichmu¨ller Level Structure
4.1. Moduli stacks of curves with a non-abelian level structure. Suppose
that 2g − 2 + n > 0. Denote the Deligne-Mumford compactification [4] of Mg,n/Z
by Mg,n/Z. Fix a prime number ℓ. Finite e´tale coverings of Mg,n that are repre-
sentable by a scheme and have a compactification that is smooth over SpecZ[1/ℓ]
are essential to our comparison between characteristic zero and positive character-
istic. The existence of such coverings was established by
(i) de Jong and Pikaart for n = 0 and all ℓ in [16],
(ii) Boggi and Pikaart for n > 0 and odd ℓ in [3], and
(iii) Pikaart for n > 0 and ℓ = 2 in [23].
Their results needed in this paper are summarized in the following statement:
Proposition 4.1. For all prime numbers ℓ and all (g, n) satisfying 2g− 2+n > 0,
there is a finite e´tale Galois covering M → Mg,n[1/ℓ] := Mg,n/Z ⊗ Z[1/ℓ] over
Z[1/ℓ] that satisfies:
(i) M is a separated scheme of finite type over Z[1/ℓ];
(ii) the normalization M of Mg,n[1/ℓ] with respect to M is proper and smooth
over Z[1/ℓ];
(iii) the boundary M\M is a relative normal crossing divisor over Z[1/ℓ].
In fact,M was taken to be the DM stack GMg,n/Z[1/ℓ] of curves of type (g, n) with
a Teichmu¨ller structure of level G (see [4] for definition), where G was specifically
taken to be:
(i) the quotient of Πg,0 by the normal subgroup generated by the third term
of its lower central subgroup and all ℓmth powers when ℓ is odd and n = 0;
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(ii) the quotient of Πg,0 by the normal subgroup generated by the fourth term
of its lower central subgroup and all fourth powers when ℓ = 2 and n = 0;
(iii) the quotient Πg,n/W
3Πg,n ·Π
ℓm
g,n, where W
3 denotes the third term of the
weight filtration of Πg,n defined in [3] when ℓ is odd and n > 0;
(iv) the quotient Πg,n/W
4Πg,n ·Π
4
g,n, whereW
4 denotes the fourth term of the
weight filtration of Πg,n defined in [3] when ℓ = 2 and n > 0,
where Πkg,n is the subgroup of Πg,n generated by all kth powers. In [4], G is a finite
quotient of Πg,n by a characteristic subgroup, but the same construction can be
done when G is a finite quotient of Πg,n by an invariant subgroup, see §5.4. For
n ≥ 2, the subgroups W •Πg,n · Π
k
g,n are not characteristic, but are invariant. For
fixed prime numbers p and ℓ 6= p, denote by Mλg,n or simply M
λ the finite e´tale
cover M of Mg,n[1/ℓ] given by the above proposition.
4.2. Moduli stacks of curves with an abelian level. When G is a finite quo-
tient by the subgroup W 2Πg,n · Π
m
g,n, we have G
∼= H1(Σg,Z/mZ), where Σg is a
closed oriented genus g surface. In this case, we denote the moduli stack of n-pointed
smooth projective curves with the Teichmu¨ller structure of level H1(Σg,Z/m/Z)
by Mg,n[m]. The stack Mg,n[m] is representable by a scheme for m ≥ 3 (See [2,
Chapter XVI, Theorem 2.11]. It is well known that the Deligne-Mumford compact-
ification Mg,n[m] is never smooth if g > 2.
4.3. Fundamental Groups of Finite E´tale Covers of Moduli Stacks of
Curves. Suppose that g and n are non-negative integers satisfying 2g− 2+n > 0.
Fix a closed oriented genus g surface Σg and a finite subset P = {p1, p2, . . . , pn} of n
distinct points in Σg. Denote the mapping class group of (Σg, P ) by ΓΣg ,P . This is
defined to be the group of isotopy classes of orientation preserving homeomorphisms
which fix P pointwise. By the classification of surfaces, the homeomorphism class
of (Σg, P ) depends only on (g, n). Therefore, the group ΓΣg ,P depends only on the
pair (g, n), and thus it is denoted by Γg,n. Denote the complement Σg − P of P
in Σg by Σg,n. Denote the topological fundamental group π
top
1 (Σg,n, ∗) of Σg,n by
Πg,n. The standard presentation of Πg,n is
Πg,n = 〈α1, β1, . . . , αg, βg, γ1, . . . , γn|[α1, β1] · · · [αg, βg]γ1 · · · γn = 1〉.
Note that Πg,0 = Πg,n/〈γ1, . . . , γn〉. The geometric automorphisms of Πg,n are
defined to be the ones that fix the conjugacy class of every γi and induce the
identity on H2(Πg,0,Z). Denote the group of geometric automorphisms of Πg,n by
Ag,n and the group of the inner automorphisms of Πg,n by Ig,n. The group Ig,n
is clearly a normal subgroup of Ag,n. It is well known that there is a canonical
isomorphism
Γg,n ∼= Ag,n/Ig,n
(See [26, Theorem V.9]). The invariant subgroups of Πg,n are defined to be the
ones that are stable under the action of Ag,n. For an invariant subgroup K of Πg,n,
there is a natural representation
Γg,n → Out(Πg,n/K).
This representation is the key for the construction of Mλ.
Let k be a field of characteristic 0. For simplicity, assume that k is contained in
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C and denote the algebraic closure of k in C by k¯. The moduli stack Mg,n/C can
be viewed as a complex analytic orbifold denoted by Mang,n/C. Denote the orbifold
fundamental group of Mang,n/C by π
orb
1 (M
an
g,n/C, η¯) with base point η¯ ∈ Mg,n(C).
There is a natural isomorphism
πorb1 (Mg,n/C, η¯)
∼= Γg,n.
Therefore, for each geometric point η¯ of Mg,n/k¯, there is an isomorphism
π1(Mg,n/k¯, η¯)
∼= Γ∧g,n,
which is uniquely determined up to inner automorphisms, and there is an exact
sequence
1→ Γ∧g,n → π1(Mg,n/k, η¯)→ Gk → 1.
Let k be an algebraically closed field of characteristic p > 0. Denote the ring
of p-adic Witt vectors over k by W (k). When k is clear from context, we denote
W (k) by W . It is a characteristic zero complete discrete valuation ring with the
residue field k. Fix an algebraic closure L of the fraction field of W (k). There is an
isomorphism Γ∧g,n
∼= π1(Mg,n/L, η¯) of the geometric fundamental group of Mg,n/L
with the profinite completion of the mapping class group Γg,n. Fix a prime number
ℓ 6= p. Let G = Πg,n/W
3Πg,n ·Π
ℓm
g,n for odd ℓ and G = Πg,n/W
4Πg,n ·Π
4
g,n for ℓ = 2.
LetMλ be a finite e´tale cover ofMg,n[1/ℓ] as in Proposition 4.1. Denote the kernel
of the natural representation Γg,n → Out(G) by Γ
λ
g,n. Denote the Teichmu¨ller space
of the reference surface Σg,n by Tg,n. By construction, each connected component of
the complex varietyMλ⊗C is isomorphic to the analytic space Tg,n/Γ
λ
g,n. Since Γ
λ
g,n
acts on Tg,n freely, we see that there is a natural conjugacy class of isomorphisms
π1(M
λ
C )
∼= (Γλg,n)
∧,
where MλC is a connected component of M
λ ⊗ C. Since ℓ is a unit in W , there
is a natural morphism SpecW → SpecZ[1/ℓ]. Choose a connected component
of Mλ ⊗Z[1/ℓ] W and denote it by M
λ
W . Denote its base changes to L and k by
MλL and M
λ
k , respectively. Let η¯ and ξ¯ be a geometric point of M
λ
L and M
λ
k ,
respectively. The scheme MλL is a connected finite e´tale cover of Mg,n/L and there
is an isomorphism π1(M
λ
L , η¯)
∼= (Γλg,n)
∧. Since the boundary of Mλ is a relative
normal crossing divisor over Z[1/ℓ], the boundary of the Zariski closure of MλW in
Mλ⊗W is also a relative normal crossing divisor over W . This allows us to define
a specialization homomorphism of tame fundamental groups [6, Expose´ XIII]
sp : πt1(M
λ
L, η¯)→ π
t
1(M
λ
W , η¯)
∼= πt1(M
λ
W , ξ¯)
∼
← πt1(M
λ
k , ξ¯),
where the left-hand map is induced by base change to L, the map at middle is
an isomorphism obtained by change of base points, and the right-hand map is the
isomorphism induced by base change to k.
Theorem 4.2. With notations as above, there is an isomorphism
(Γλg,n)
(ℓ) ∼= π1(M
λ
k , ξ¯)
(ℓ),
which is uniquely determined up to inner automorphisms.
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Proof. The smoothness ofMλW overW implies that the specialization morphism sp
is surjective. This surjective homomorphism induces an isomorphism
sp(p
′) : π1(M
λ
L , η¯)
(p′) ∼→ π1(M
λ
k , ξ¯)
(p′)
upon taking maximal prime-to-p quotient [6, Expose´ XIII]. Hence we have an iso-
morphism
sp(ℓ) : π1(M
λ
L, η¯)
(ℓ) ∼→ π1(M
λ
k , ξ¯)
(ℓ)
by taking maximal pro-ℓ quotient.

Corollary 4.3. With notations as above, there are natural conjugacy classes of
isomorphisms
(Γg,n[ℓ
m])(ℓ) ∼= π1(Mg,n/k[ℓ
m])(ℓ)
and
Γrel(ℓ)g,n
∼= π1(Mg,n/k)
rel(ℓ),
where rel(ℓ) denotes relative pro-ℓ completion with respect to the natural homomor-
phism to Spg(Zℓ) (see [13] for definition and basic results).
Proof. For A = L,W , and k, denoteMg,n/A andMg,n/A[ℓ
m] byMA andMA[ℓ
m],
respectively. Let η¯ and ξ¯ be geometric points of MλL and M
λ
k , respectively. Denote
the images of η¯ and ξ¯ under morphisms by η¯ and ξ¯ also. The monodromy action
π1(MA)
rel(ℓ) → Sp(Z/ℓZ)3 factors through the finite group Γg,n/Γ
λ
g,n, which is the
automorphism group of MλA overMA. Denote this finite group by G. This implies
that for A =W and A = k, there is an exact sequence
1→ π1(M
λ
A, ξ¯)
(ℓ) → π1(MA, ξ¯)
rel(ℓ) → G→ 1.
Similarly, for A = L and A =W , there is an exact sequence
1→ π1(M
λ
A, η¯)
(ℓ) → π1(MA, η¯)
rel(ℓ) → G→ 1.
Fix an isomorphism π1(M
λ
W , ξ¯)
∼= π1(M
λ
W , η¯). These exact sequences fit into the
commutative diagram
1 // π1(Mλk , ξ¯)
(ℓ) //

π1(Mk, ξ¯)
rel(ℓ) //

G // 1
1 // π1(MλW , ξ¯)
(ℓ) //

π1(MW , ξ¯)
rel(ℓ) //

G //

1
1 // π1(MλW , η¯)
(ℓ) // π1(MW , η¯)rel(ℓ) // G // 1
1 // π1(MλL , η¯)
(ℓ) //
OO
π1(ML, η¯)
rel(ℓ) //
OO
G // 1,
where the left-hand vertical maps are all isomorphisms and the map G → G is an
isomorphism induced by the fixed isomorphism π1(M
λ
W , ξ¯)
∼= π1(M
λ
W , η¯). There-
fore, the middle vertical maps are all isomorphisms and thus there are isomorphisms
π1(Mk, ξ¯)
rel(ℓ) ∼= π1(ML, η¯)
rel(ℓ) ∼= Γrel(ℓ)g,n ,
3For ℓ = 2, the same statement is true with Sp(Z/4Z).
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which are unique up to conjugation by elements of π1(Mk, ξ¯)
rel(ℓ). Similarly, let G′
be the quotient of π1(MA[ℓ
m]) by the finite index subgroup π1(M
λ
A). It is a finite
ℓ-group. Using the exact sequences
1→ π1(M
λ
A, ξ¯)
(ℓ) → π1(MA[ℓ
m], ξ¯)(ℓ) → G′ → 1,
where A =W and A = k, and
1→ π1(M
λ
A, η¯)
(ℓ) → π1(MA[ℓ
m], η¯)(ℓ) → G′ → 1,
where A = L and W , we also have isomorphisms
π1(Mk[ℓ
m], ξ¯)(ℓ) ∼= π1(ML[ℓ
m], η¯)(ℓ) ∼= Γg,n[ℓ
m](ℓ),
which are unique up to conjugation by elements of π1(Mk[ℓ
m], ξ¯)(ℓ).

5. Relative completion of Γλg,n
Suppose 2g − 2 + n > 0. Let HA = H1(Σg, A), where H1(Σg, A) is the fisrt
homology group of the compact reference surface Σg. Let ρ : Γg,n → Sp(HQ) be
the representation of the mapping class group on the first homology of the surface.
Since the image of ρ is Sp(HZ), ρ is a Zariski dense representation. Denote by
Ggeomg,n the relative completion (see [7] for definition and basic properties) of Γg,n
with respect to ρ and by Ugeomg,n its prounipotent radical. The relative completion
behaves well under base change. For instance, we have that the relative completion
of Γg,n with respect to ρ : Γg,n → Sp(HQℓ) is isomorphic to G
geom
g,n ⊗Q Qℓ.
Let ℓ be an odd prime number. Recall that Γλg,n is the kernel of the natural
representation Γg,n → Out(G), where G = Πg,n/W
3Πg,n · Π
ℓm
g,n. The following
theorem follows from [9, Cor. 6.7].
Theorem 5.1. Suppose that g ≥ 3 and n ≥ 0. The completion of Γλg,n relative to
the restriction of the standard representation ρ : Γg,n → Sp(HQ) is isomorphic to
Ggeomg,n
Suppose that Γ is a profinite group and that ρ : Γ → R(Zℓ) is a continuous
homomorphism such that the composition with the inclusion R(Zℓ) → R(Qℓ) has
Zariski dense image. Let ρrel(ℓ) : Γrel(ℓ),ρ → R(Zℓ) be the relative pro-ℓ completion
of Γ with respect to ρ (see [13] for definition). Since Γ → Γrel(ℓ),ρ is surjective,
ρrel(ℓ) : Γrel(ℓ),ρ → R(Qℓ) has Zariski dense image. The following result easily
follows from the universal property of relative completion.
Proposition 5.2. The continuous relative completion of Γrel(ℓ),ρ with respect to the
homomorphism ρrel(ℓ) : Γrel(ℓ),ρ → R(Qℓ) is isomorphic to the continuous relative
completion G of Γ with respect to ρ. 
6. Weighted Completion and Families of Curves
6.1. Review of weighted completion of a profinite group. Weighted com-
pletion of a profinite group Γ is similar to continuos relative completion. It plays
an essential role in [11]. A key property of weighted completion is that it induces
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weight filtrations with strong exactness properties on the Γ-representations that
factor through its weighted completion. Here we take F to be Qℓ, where ℓ is a
prime number. Denote Gm/Qℓ by Gm. Suppose that:
(i) Γ is a profinite group;
(ii) R is a reductive algebraic group defined over Qℓ;
(iii) w : Gm → R is a central cocharacter;
(iv) ρ : Γ→ R(Qℓ) is a continuous homomorphism with Zariski dense image.
Definition 6.1 ([14, §4]). The weighted completion of Γ with respect to ρ and w
consists of a proalgebraic Qℓ-group G, that is a negatively weighted extension
1→ U → G → R→ 1
where U is a prounipotent Qℓ-group and a continuous Zariski dense homomorphism
ρ˜ : Γ→ G(Qℓ) whose composition with G(Qℓ)→ R(Qℓ) is ρ. It is characterized by
the following universal mapping property: If G is an affine (pro)algebraic Qℓ-group
that is a negatively weighted extension4
1→ U → G→ R→ 1
of R (with respect to w) by a (pro)unipotent group U , and if φ : Γ → G(Qℓ) is a
continuous homomorphism whose composition with G(Qℓ)→ R(Qℓ) is ρ, then there
is a unique homomorphism of proalgebraic Qℓ-groups Φ : G → G that commutes
with the projections to R and such that φ = Φ ◦ ρ˜:
Γ
ρ˜ //
φ

G

Φ
⑧⑧
⑧
⑧
⑧
⑧
⑧
G // R
Proposition 6.2. [14, Thms. 3.9 & 3.12] Every finite dimensional G-module V has
a natural weight filtration W•:
0 =WnV ⊂ · · · ⊂Wr−1V ⊂WrV ⊂ · · ·WmV = V.
It is characterized by the property that the action of G on the rth weight graded
quotient
GrWr V :=WrV/Wr−1V
factors through G → R and is an R-module of weight r. The weight filtration is
preserved by G-module homomorphisms and the functor GrW• on the category of
finite-dimensional G-modules is exact.
Suppose that V is a finite-dimensional R-representation. The representation
V can be decomposed as V =
⊕
n∈Z Vn under the Gm-action through ω. We
say that V is pure of weight n if V = Vn, and that V is negatively weighted if
Vn = 0 for all n ≥ 0. V can be considered as a continuous Γ-module via the
homomorphism ρ : Γ → R(Qℓ). Denote by H
•
cts(Γ, V ) the continuous cohomology
of Γ with coefficients in V .
4Viewing H1(U) as a Gm-module via ω, it admits only negative weights: H1(U) =
⊕n<0H1(U)n, where Gm acts on H1(U)n via the nth power of the defining representation.
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Proposition 6.3 ([14, Thms. 4.6 & 4.9]). For all finite-dimensional irreducible
R-representations V of weight r, there are natural isomorphisms
HomR(H
cts
1 (u), V )
∼= HomR(Gr
W
r H
cts
1 (u), V )
∼=
{
H1cts(Γ, V ) r < 0
0 r ≥ 0
and a natural injection HomR(H
cts
2 (u), V ) →֒ H
2
cts(Γ, V ) for r ≤ −2, and
HomR(H
cts
2 (u), V ) = 0 for r > −2, where u is the Lie algebra of U .
6.2. Application to Families of Curves. Suppose that k is a field, that T is
a locally noetherian geometrically connected scheme over k, and that C → T is a
curve of genus g ≥ 2. Fix an algebraic closure k¯ of k. Denote the base change to
k¯ of C and T by C ⊗k k¯ and T ⊗k k¯, respectively. Let η¯ : SpecΩ → T ⊗k k¯ be
a geometric point of T ⊗k k¯. By abuse of notation, η¯ also denotes the image of η¯
in T . Denote the geometric fiber of C ⊗k k¯ over η¯ by Cη¯. Let x¯ be a geometric
point of the fiber Cη¯. The images of x¯ in C ⊗k k¯ and C are also denoted by x¯.
Fix a prime number ℓ distinct from char(k). In this section, HZℓ = H
1
e´t(Cη¯,Zℓ(1))
and HQℓ = HZℓ ⊗ Qℓ. Let R be the Zariski closure of the image of the natural
monodromy representation
ρT,η : π1(T, η¯)→ GSp(HQℓ).
Assuming that R contains the homotheties5, we have the central cocharacter defined
by
ω : Gm → R z 7→ z
−1idH ,
which we call the standard cocharacter6.
Lemma 6.4. The monodromy representation π1(C, x¯)→ GSp(HQℓ) factors through
π1(T, η¯).
Proof. This follows immediately from the existence of the commutative diagram
π1(Cη¯, x¯) //

π1(C, x¯) //

π1(T, η¯) //

1
1 // Inn(Π(ℓ)) // Aut(Π(ℓ)) // Out(Π(ℓ)) // 1,
where Π(ℓ) denotes the maximal pro-ℓ quotient π1(Cη¯, x¯)
(ℓ) of π1(Cη¯, x¯) and rows
are exact. 
Since the canonical map π1(C, x¯) → π1(T, η¯) is surjective, it follows that the
monodromy representation π1(T, x¯) → R(Qℓ) is also Zariski dense. Denote by GC
and GT the weighted completions of π1(C, x¯) and π1(T, η¯) with respect to ω and
their monodromy representations to R, respectively, and denote their prounipotent
radicals by UC and UT . Since the canonical map π1(C ⊗k k¯, x¯)→ π1(T ⊗k k¯, η¯) is
surjective, their images in R(Qℓ) are equal. Denote their common Zariski closure
by Rgeom, which is a reductive subgroup of R. Denote by GgeomC and G
geom
T the
5For instance, this is the case when k is a number field.
6This definition is made this way so that weights from Hodge Theory and weighted completion
agree on H.
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continuous relative completion of π1(C¯, x¯) and π1(T¯ , η¯) with respect to their mon-
odromy representations to Rgeom(Qℓ), respectively, and denote their prounipotent
radicals by UgeomC and U
geom
T . By pushing out the exact sequence
π1(Cη¯, x¯)→ π1(C, x¯)→ π1(T, η¯)→ 1
along the surjection π1(Cη¯, x¯)→ π1(Cη¯, x¯)
(ℓ), we obtain the exact sequence
1→ π1(Cη¯, x¯)
(ℓ) → π′1(C, x¯)→ π1(T, η¯)→ 1
that fits in the commutative diagram
π1(Cη¯, x¯) //

π1(C, x¯) //

π1(T, η¯) // 1
1 // π1(Cη¯, x¯)(ℓ) //

π′1(C, x¯) //

π1(T, η¯) //

1
1 // Inn(Π(ℓ)) // Aut(Π(ℓ)) // Out(Π(ℓ)) // 1.
Denote by G′C the weighted completion of π
′
1(C, x¯) with respect to ω and its mon-
odromy representation π′1(C, x¯)→ R(Qℓ).
Lemma 6.5. With the notations above, there is a canonical isomorphism
GC ∼= G
′
C .
Similarly, there is a canonical isomorphism
GgeomC
∼= G
′geom
C .
Proof. By the functoriality of weighted completion, there is a unique map φ : GC →
G′C . Denote the kernel of π1(C, x¯) → π
′
1(C, x¯) by N . Recall that N is the kernel
of the maximal pro-ℓ quotient K → K(ℓ), where K is the kernel of the natural
projection π1(C, x¯)→ π1(T, η¯). We have the commutative diagram:
1 // N //

π1(C, x¯) //

π′1(C, x¯) //

1
1 // UC(Qℓ) // GC(Qℓ) // R(Qℓ) // 1
Since compact subgroups of U(Qℓ) are pro-ℓ groups, the left vertical map must be
trivial. Hence the canonical map π1(C, x¯)→ G(Qℓ) factors through π
′
1(C, x¯). By the
universal property of weighted completion, there exists a unique map ψ : G′C → GC .
It is easy to see that φ and ψ are inverse to each other. 
Denote the continuous ℓ-adic unipotent completion of π1(Cη, x¯) by P . It is a
prounipotent Qℓ-group. Since compact subgroups of Qℓ-points of a prounipotent
group is pro-ℓ, the canonical map π1(Cη, x¯)→ P factors through π1(Cη, x¯)
(ℓ), and
furthermore, there is a unique isomorphism P ∼= π1(Cη, x¯)
(ℓ),un
/Qℓ
of P and the unipo-
tent completion of the maximal pro-ℓ quotient of π1(Cη, x¯), since both completions
admit the same universal property.
Proposition 6.6. With the notation as above:
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(i) There are exact sequences
1→ P → GC → GT → 1
and
1→ P → GgeomC → G
geom
T → 1
of proalgebraic Qℓ-groups such that the diagram
1 // π1(Cη)(ℓ) //

%%▲▲
▲▲
π′1(C ⊗k k¯, x¯) //

''◆◆
◆◆
◆◆
π1(T ⊗k k¯, η¯) //

&&◆◆
◆◆
◆
1
1 // π1(Cη)(ℓ) //

π′1(C, x¯)
//

π1(T, η) //

1
1 // P(Qℓ) //
&&▼▼
▼▼
▼
GgeomC (Qℓ)
//
''❖❖
❖❖
❖
GgeomT (Qℓ)
//
''❖❖
❖❖
❖
1
1 // P(Qℓ) // GC(Qℓ) // GT (Qℓ) // 1
commutes.
(ii) Every section s of π1(C, x¯) → π1(T, η¯) induces sections s
(ℓ) and s¯(ℓ) of
π′1(C, x¯)→ π1(T, η¯) and π
′
1(C ⊗k k¯, x¯))→ π1(T ⊗k k¯, η), respectively, and
sections σ and σgeom of GC → GT and G
geom
C → G
geom
T , respectively, such
that the diagram
π′1(C ⊗k k¯, x¯)

''❖❖
❖❖
❖
π1(T ⊗k k¯, η)

s¯(ℓ)oo
''❖❖
❖❖
❖
π′1(C, x¯)

π1(T, η)

s(ℓ)oo
GgeomC (Qℓ)
''❖❖
❖❖
❖
GgeomT (Qℓ)
''❖❖
❖❖
❖
σgeomoo
GC(Qℓ) GT (Qℓ)
σoo
commutes.
Proof. The first assertion follows from the exactness criterion [11, Prop. 6.11]. The
second follows from the universal property of weighted and relative completions. 
Denote the Lie algebras of R, GC , GT , UC , UT , P by r, gC , gT , uC , uT , p,
respectively. These admit natural weight filtrations as objects of the category of
GC -modules. By Proposition 6.2, their rth graded quotient is an R-module of weight
r. Since H1(P) = H1(p) is pure of weight −1, it follows that p ∼= W−1p, and the
basic properties of weighted completion [14, Prop. 3.4] implies that we have
gA =W0gA, W−1gA = uA, and Gr
W
0 gA
∼= r,
where A = C and A = T . The following corollary follows immediately from the
fact that the functor GrW• is exact on the category of GC -modules.
Corollary 6.7. With the notation above:
There is an exact sequence
0→ GrW• p→ Gr
W
• gC → Gr
W
• gT → 0
of graded Lie algebras in the category of R-modules.
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7. Weighted Completion of Arithmetic Mapping Class Groups
In this section, we summarize and extend the results of [11, §8]. Suppose that g
and n are integers satisfying 2g−2+n > 0. Fix prime numbers p and ℓ 6= p. Denote
the finite Galois cover of the moduli stack Mg,n/Z[1/ℓ] given by Propostion 4.1 by
Mλg,n. Fix a connected component of the base change to Z
ur
p of M
λ
g,n and denote it
by MλZurp , where Z
ur
p is the maximal unramified extension of Zp. For R = Q¯p and
R = F¯p, the base change M
λ
R of M
λ
Zurp
is a connected smooth variety over R. Since
MλZurp is of finite type over Z
ur
p , it is defined over some finite unramified extension
S of Zp. Denote the fraction field and residue field of S by L and k, respectively.
Denote the absolute Galois group of L and k by GL and Gk, respectively. Fix
geometric points η¯ of Mλ
Q¯p
and ξ¯ of Mλ
F¯p
. Let Cy¯ be the fiber of the universal curve
over y¯, where y¯ = η¯ and y¯ = ξ¯. For a Zℓ-module A, set
HA := H
1
e´t(Cy¯, A(1)).
Since the image of the ℓ-adic cyclotomic character χℓ : GL → Gm(Zℓ) is infinite,
the image of χℓ : GL → Gm(Qℓ) is Zariski dense. The image of the monodromy
representation
ρgeom
Q¯p,η
: π1(M
λ
Q¯p
, η¯)→ Sp(HZℓ)
is of finite index in Sp(HZℓ), and hence it is Zariski dense in Sp(HQℓ). The com-
mutative diagram
1 // π1(MλQ¯p , η¯)
//
ρgeom
Q¯p

π1(M
λ
L, η¯)
//
ρL

GL //
χℓ

1
1 // Sp(HQℓ) // GSp(HQℓ) // Gm(Qℓ) // 1
implies that the image of the monodromy representation
ρL,η : π1(M
λ
L, η¯)→ GSp(HQℓ)
is also Zariski dense. Denote the weighted completion of π1(M
λ
L, η¯) with respect to
ρL,η and the standard cocharacter ω by
GMλL and ρ˜L,η : π1(M
λ
L, η¯)→ GMλL (Qℓ).
Denote the pullback to MλZurp of the universal curve Cg,n → Mg,n by f : C
λ
Zurp
→
MλZurp . Let π :M
λ
Zurp
→ Zurp be the structure morphism of M
λ
Zurp
over Zurp .
Proposition 7.1. The image of the monodromy representation
ρgeom
F¯p,ξ¯
: π1(M
λ
F¯p
, ξ¯)→ Sp(HZℓ)
is pro-ℓ.
Proof. Since the kernel of the reduction map Sp(HZℓ) → Sp(HZ/ℓmZ) is a pro-ℓ
group, the statement then will follow, if the composition
ρgeom
F¯p
: π1(M
λ
F¯p
, ξ¯)
ρgeom
→ Sp(HZℓ)→ Sp(HZ/ℓmZ)
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is trivial. By the proper-smooth base change theorem [19, Ch.6 §4], the sheaf
R1f∗µℓm is a constructible locally constant e´tale sheaf on M
λ
Zurp
. Its fiber over a
geometric point y¯ is isomorphic to H1e´t(Cy¯ , µℓm) = (Z/ℓ
mZ)2g. Denote R1f∗µℓm by
F . Let s¯1 be a geometric point lying over the generic point and s¯2 be the closed
point of Zurp . By a generalization of the proper-smooth base change theorem [6,
SGA 1 Expose´ XIII, 2.9], the specialization morphism, induced by the specialization
s¯1 → s¯2,
H0e´t(M
λ
F¯p
,F) = (π∗F)s¯2 → (π∗F)s¯1 = H
0
e´t(M
λ
Q¯p
,F)
is an isomorphism. Note that H0e´t(M
λ
Q¯p
,F) = (Fη¯)
π1(M
λ
Q¯p
,η¯)
. Since the standard
representation Γλg,n → Sp(HZℓ) factors through the level ℓ
m subgroup Γg,n[ℓ
m], the
composition with the reduction mod-ℓm map
Γλg,n → Sp(HZ/ℓmZ)
is trivial, and so is the monodromy representation
π1(M
λ
Q¯p
, η¯)→ Sp(HZ/ℓmZ).
Thus we have
(Fη¯)
π1(M
λ
Q¯p
,η¯)
= (Z/ℓmZ)2g,
which implies that
(Fξ¯)
π1(M
λ
F¯p
,ξ¯)
= (Z/ℓmZ)2g .
Therefore, the monodromy ρgeom : π1(M
λ
F¯p
, ξ¯)→ Sp(HZ/ℓmZ) is trivial. 
Corollary 7.2. The image of the monodromy representation
ρgeom
F¯p,ξ¯
: π1(Mg,n/F¯p [ℓ
m], ξ¯)→ Sp(HZℓ)
is pro-ℓ.
Proof. We use the same notation as in the proof of the above proposition. Denote
the automorphism group of the e´tale cover MλZurp →Mg,n/Zurp [ℓ
m] by G. Note that
H0e´t(M
λ
F¯p
,F)G = H0e´t(Mg,n/F¯p [ℓ
m],F) and that G acts trivially on H0e´t(M
λ
F¯p
,F) as
it acts trivially on H0e´t(M
λ
Q¯p
,F). Thus it follows that
H0e´t(Mg,n/F¯p [ℓ
m],F) = (Z/ℓmZ)2g ,
which implies that the monodromy π1(Mg,n/F¯p [ℓ], ξ¯)→ Sp(HZℓ) has a pro-ℓ image.

Proposition 7.3. The image of the monodromy representation
ρgeom
F¯p,ξ¯
: π1(M
λ
F¯p
, ξ¯)→ Sp(HZℓ)
has finite index in Sp(HZℓ). Consequently, the image of the monodromy represen-
tation
ρgeom
F¯p,ξ¯
: π1(Mg,n/F¯p [ℓ
m], ξ¯)→ Sp(HZℓ)
also has finite index.
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Proof. Consider the diagram
1 // π1(Cξ¯, x¯
′)(ℓ) // π′1(C
λ
F¯p
, x¯′) //

π1(M
λ
F¯p
, ξ¯) //

1
1 // π1(Cξ¯, x¯
′)(ℓ) //

π′1(C
λ
Zurp
, x¯′) //
φ
π1(M
λ
Zurp
, ξ¯) //
φ′
1
1 // π1(Cη¯, x¯)(ℓ) // π′1(C
λ
Zurp
, x¯) // π1(MλZurp , η¯)
// 1
1 // π1(Cη¯, x¯)(ℓ) // π′1(C
λ
Q¯p
, x¯) //
OO
π1(M
λ
Q¯p
, η¯) //
OO
1,
whose rows are exact and the vertical maps between the second and third rows are
isomorphisms. This diagram commutes once we fix an isomorphism φ : π1(C
λ
Zurp
, x¯′) ∼=
π1(C
λ
Zurp
, x¯), which determines an isomorphism φ′ : π1(M
λ
Zurp
, ξ¯) ∼= π1(M
λ
Zurp
, η¯). Fix
such an isomorphism. The proof of Proposition 7.1 also shows that the mon-
odromy representation ρZurp ,ξ¯ : π1(M
λ
Zurp
, ξ¯) → Sp(HZℓ) also has a pro-ℓ image,
since H0e´t(M
λ
Zurp
,F) ∼= H0e´t(M
λ
F¯p
,F) by the generalization of proper-smooth base
change theorem. Thus it follows that the image of the monodromy representation
π1(C
λ
Zurp
, x¯′) → Sp(HZℓ) is also pro-ℓ. This implies that the image of π
′
1(C
λ
Zurp
, x¯′)
in Aut(π1(Cξ¯)
(ℓ)) under its conjugation action on π1(Cξ¯, x¯
′)(ℓ) is also pro-ℓ, and
hence this conjugation action factors through π1(C
λ
Zurp
, x¯′)(ℓ). Since the center of
π1(Cξ¯, x¯
′)(ℓ) is trivial, it follows that the composition
π1(Cξ¯, x¯
′)(ℓ) → π1(C
λ
Zurp
, x¯′)(ℓ) → Aut(π1(Cξ¯)
(ℓ))
is injective. Thus by taking maximal pro-ℓ quotients of the above diagram, we
obtain the commutative diagram
1 // π1(Cξ¯, x¯
′)(ℓ) // π1(CλF¯p , x¯
′)(ℓ) //

π1(M
λ
F¯p
, ξ¯)(ℓ) //

1
1 // π1(Cξ¯, x¯
′)(ℓ) //

π1(C
λ
Zurp
, x¯′)(ℓ) //

π1(M
λ
Zurp
, ξ¯)(ℓ) //

1
1 // π1(Cη¯, x¯)(ℓ) // π1(CλZurp , x¯)
(ℓ) // π1(MλZurp , η¯)
(ℓ) // 1
1 // π1(Cη¯, x¯)(ℓ) // π1(CλQ¯p , x¯)
(ℓ) //
OO
π1(M
λ
Q¯p
, η¯)(ℓ) //
OO
1,
whose rows are exact and vertical maps are all isomorphisms. From this diagram,
we see that the diagram
π1(M
λ
Q¯p
, η¯)

π1(M
λ
F¯p
, ξ¯)

π1(M
λ
Q¯p
, η¯)(ℓ)
∼= //

π1(M
λ
F¯p
, ξ¯)(ℓ)

Sp(HZℓ)
∼= // Sp(HZℓ)
commutes, where the bottom isomorphism is induced by φ. Since the composi-
tion of the two left-hand vertical maps is the standard representation (Γλg,n)
∧ →
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Sp(HZℓ), it has finite-index image, and so does the monodromy representation
ρgeom
F¯p,ξ¯
: π1(M
λ
F¯p
, ξ¯)→ Sp(HZℓ). The density of the monodromy π1(Mg,n/F¯p [ℓ
m], ξ¯)→
Sp(HZℓ) follows since its image in Sp(HZℓ) contains the image of π1(M
λ
F¯p
, ξ¯) →
Sp(HZℓ). 
By Proposition 7.3, the image of ρgeom
F¯p,ξ¯
: π1(M
λ
F¯p
, ξ¯)→ Sp(HQℓ) is Zariski dense.
Since the image of the ℓ-adic cyclotomic character χ : Gk → Z
×
ℓ is infinity, the
image of χℓ : Gk → Gm(Qℓ) is Zariski dense. The commutative digram
1 // π1(MλF¯p , ξ¯)
//
ρgeom
F¯p

π1(M
λ
k , ξ¯)
//
ρk

Gk //
χℓ

1
1 // Sp(HQℓ) // GSp(HQℓ) // Gm(Qℓ) // 1.
implies that the monodromy representation
ρk,ξ¯ : π1(M
λ
k , ξ¯)→ GSp(HQℓ)
has Zariski dense image. Denote the weighted completion of π1(M
λ
k , ξ¯) with respect
to ρk,ξ¯ and the standard cocharacter ω by
GMλk and ρ˜k,ξ¯ : π1(M
λ
k , η¯)→ GMλk (Qℓ).
Let y¯ denote η¯ and ξ¯. Similarly, we have the weighted completion of π1(M
λ
S , y¯)
with respect to ρS,y¯ : π1(M
λ
S , y¯)→ GSp(HQℓ) and the cocharacter ω, denoted by
GMλS , and ρS,y¯ : π1(M
λ
S , y¯)→ GMλS (Qℓ).
Recall that Ggeomg,n/Qℓ and (Γg,n)
∧ → Ggeomg,n/Qℓ(Qℓ) is the continuous relative comple-
tion of (Γg,n)
∧ with respect to the standard representation (Γg,n)
∧ → Sp(HQℓ).
For g ≥ 3, the continuous relative completion of π1(M
λ
Q¯p
, η¯) with respect to its
standard representation ρgeom
Q¯p,η
is isomorphic to Ggeomg,n/Qℓ by Theorem 5.1. Similarly,
for g ≥ 3, the continuous relative completion of π1(Mg,n/Q¯p [ℓ
m], η) with respect
to its standard representation to Sp(HQℓ) is isomorphic to G
geom
g,n/Q¯p
[8, Prop. 3.3].
When the field F is clear from context, we will denote Ggeomg,n/F by G
geom
g,n .
Proposition 7.4. The continuous relative completion of π1(M
λ
F¯p
, ξ¯) with respect
to ρgeom
F¯p,ξ¯
is isomorphic to Ggeomg,n . Similarly, the continuous relative completion of
π1(Mg,n/F¯p [ℓ
m], ξ¯) with respect to ρgeom
F¯p,ξ¯
is isomorphic to Ggeomg,n .
Proof. Fix an isomorphism φ : π1(M
λ
Zurp
, η¯) ∼= π1(M
λ
Zurp
, ξ¯). We have the following
commutative diagram
π1(M
λ
Q¯p
, η¯) //

π1(M
λ
Zurp
, η¯)
∼= //

π1(M
λ
Zurp
, ξ¯)

π1(M
λ
F¯p
, ξ¯)oo

π1(M
λ
Q¯p
, η¯)(ℓ)
∼= //
**❯❯❯
❯❯❯
❯❯
π1(M
λ
Zurp
, η¯)(ℓ)
∼= //

π1(M
λ
Zurp
, ξ¯)(ℓ)

π1(M
λ
F¯p
, ξ¯)(ℓ)
∼=oo
tt✐✐✐✐
✐✐✐
✐
Sp(HQℓ)
∼= // Sp(HQℓ) ,
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where the isomorphism Sp(HQℓ)
∼= Sp(HQℓ) is induced by the isomorphism φ and
the isomorphisms on the second row are ones in the proof of Theorem 4.2. By
taking the relative completion of each of the profinite groups with respect to its
corresponding monodromy representation, we obtain the commutative diagram of
proalgebraic Qℓ-groups
Ggeomg,n //

Ggeom
Mλ
Zurp
∼= //

Ggeom
Mλ
Zurp

Ggeom
Mλ
F¯p
oo

G
geom,(ℓ)
g,n
∼= //
((PP
PP
PP
PP
G
geom,(ℓ)
Mλ
Zurp
∼= //

G
geom,(ℓ)
Mλ
Zurp

G
geom,(ℓ)
Mλ
F¯p
∼=oo
vv♥♥♥
♥♥
♥♥
Sp(HQℓ)
∼= // Sp(HQℓ) .
Since the vertical maps between the first and second rows are isomorphism by
Proposition 5.2, it follows that
Ggeom
Mλ
F¯p
∼= G
geom
Mλ
Zurp
∼= Ggeomg,n .
A similar argument applies to the relative completion of π1(Mg,n/F¯p [ℓ
m], ξ¯).

For a field F whose ℓ-adic cyclotomic character has an infinite image, denote by
AF the weighted completion of GF with respect to the ℓ-adic cyclotomic character
χℓ : GF → Gm(Qℓ) and ω : z 7→ z
−2.
Throughout the rest of this section, for a prime ℓ, let M denote the e´tale covers
Mλg,n and Mg,n[ℓ
m] of Mg,n/Z[1/ℓ]. As in above, we fix a connected component of
the base change to S of M and denote it by MS , where S is some finite unramified
extension of Zp over whichM decomposes as a finite disjoint union of geometrically
connected components. Recall that L and k are the fraction field and the residue
field of S, respectively.
Proposition 7.5 ([11, 8.1]). Applying weighted completion to the two right-hand
columns and relative completion to the left-hand column of diagram
1 // π1(MQ¯p , η¯)
//
ρgeom
Q¯p

π1(ML, η¯) //
ρL

GL //
χℓ

1
1 // Sp(HQℓ) // GSp(HQℓ) // Gm(Qℓ) // 1
gives a commutative diagram
Ggeomg,n //

GML //

AL //

1
1 // Sp(HQℓ) // GSp(HQℓ) // Gm(Qℓ) // 1
whose rows are exact. Similar results hold if we replace the sequence
1→ π1(MQ¯p , η¯)→ π1(ML, η¯)→ GL → 1
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with the exact sequence
1→ π1(MF¯p , ξ¯)→ π1(Mk, ξ¯)→ Gk → 1
and
1→ π1(MZurp , y¯)→ π1(MS , y¯)→ π1(S, y¯)→ 1,
where y¯ = η¯ and y¯ = ξ¯.
Denote the prounipotent radicals of GgeomMQ¯p
, GgeomMZurp
, and GgeomMF¯p
by UgeomMQ¯p
, UgeomMZurp
,
and UgeomMF¯p
, respectively. Denote the Lie algebras of GgeomMQ¯p
, GgeomMZurp
, GgeomMF¯p
, UgeomMQ¯p
,
UgeomMZurp
, and UgeomMF¯p
by ggeomMQ¯p
, ggeomMZurp
, ggeomMF¯p
, ugeomMQ¯p
, ugeomMZurp
, and ugeomMF¯p
, respectively.
Proposition 7.6. Let F = L and k and y¯ = η¯ and ξ¯, respectively. If 2g−2+n > 0,
then the natural action of π1(MF , y¯) on π1(MF¯ , y¯) induces an action of GMF on
g
geom
MF¯
. Therefore, ggeomMF¯ and u
geom
MF¯
are pro-objects of the category of GMF -modules,
and thus admit natural weight filtrations.
Proof. This follows from the facts that the induced action of π1(MF , y¯) on u
geom
MF¯
factors through GSp(HQℓ) and that Johnson’s work on the abelianization of the
Torelli group [17] implies that H1(u
geom
g,1 ) is of pure of weight −1. 
Remark 7.7. The exactness of the functor GrW• and the fact that H1(u
geom
MF¯
) has
weight −1 imply that W−ru
geom
MF¯
is the rth term of the lower central series of ugeomMF¯ .
This coincidence allows us to apply the results of [8] in this paper.
Proposition 7.8. The isomorphisms
g
geom
g,n
∼= g
geom
MQ¯p
∼= g
geom
MF¯p
are morphisms in the category of GML-modules.
Proof. First consider the diagram
1 // π1(MQ¯p , η¯)
//

π1(ML, η¯) //

GL // 1
1 // π1(Mg,n/Q¯p , η¯))
// π1(Mg,n/L, η¯) // GL // 1,
whose rows are exact. π1(ML, η¯) acts on π1(Mg,n/Q¯p , η¯) by conjugation via the
homomorphism π1(ML, η) → π1(Mg,n/L, η). This conjugation action induces an
action of GML on g
geom
g,n and hence the isomorphism g
geom
MQ¯p
→ ggeomg,n is a GML -module
homomorphism. Secondly, consider the diagram
1 // π1(MQ¯p , η¯)
//

π1(ML, η¯) //

GL //

1
1 // π1(MZurp , η¯)
//

π1(MS , η¯) //

π1(S, η¯) //

1
1 // π1(MZurp , ξ¯)
// π1(MS , ξ¯) // π1(S, ξ¯) // 1
1 // π1(MF¯p , ξ¯)
//
OO
π1(Mk, η¯) //
OO
Gk //
OO
1.
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A choice of an isomorphism φ : π1(MZurp , η¯)
∼= π1(MZurp , ξ¯) determines isomor-
phisms π1(S, η¯) ∼= π1(S, ξ¯) and π1(MS , η¯) ∼= π1(MS , ξ¯), which makes the above
diagram commute. Pushing out this diagram along the surjection π1(MZurp , ξ¯) →
π1(MZurp , ξ¯)
(ℓ) induces the commutative diagram
1 // π1(MQ¯p , η¯)
(ℓ) //

π′1(ML, η¯)
//

GL //

1
1 // π1(MZurp , η¯)
(ℓ) //

π′1(MS , η¯)
//

π1(S, η¯) //

1
1 // π1(MZurp , ξ¯)
(ℓ) // π′1(MS , ξ¯) // π1(S, ξ¯) // 1
1 // π1(MF¯p , ξ¯)
(ℓ) //
OO
π′1(Mk, ξ¯)
//
OO
Gk //
OO
1,
where rows are exact and all the left-hand vertical maps and the vertical maps
between the third and fourth rows are isomorphisms. Thus π1(ML, η¯) acts on
π1(MF¯p , ξ¯)
(ℓ) through the conjugation action of π′1(Mk, ξ¯) on π1(MF¯p , ξ¯)
(ℓ). Hence
the induced isomorphism ggeomMQ¯p
∼= g
geom
MF¯p
is a GML -module homomorphism. 
Recall that for a prime number ℓ, the corresponding finite e´tale cover Mλg,n of
Mg,n is defined over Z[1/ℓ]. Suppose that F is a field of characteristic zero such that
the image of the ℓ-adic cyclotomic character χℓ : GF → Gm(Zℓ) is infinity and such
that a connected component MλF of the base change to F of M
λ
g,n is geometrically
connected. The weighted completion does not change for abelian levels; if g ≥ 3,
then for all m ≥ 1 the natural homomorphism
GMg,n/F [m] → GMg,n/F
is an isomorphism [11, Prop. 8.2].
Proposition 7.9. For all prime numbers ℓ ≥ 3 the natural homomorphisms
GMλF → GMg,n/F [ℓ
m] → GMg,n/F
are isomorphisms.
Proof. The same proof as in Proposition 8.2 [11] with Proposition 6.6 [9] works. 
From this point, we will denote the weighted completions GMλF , GMg,n/F [m], and
GMg,n/F by simply Gg,n/F and omit F when F is clear from the context. Similarly,
we will denote the Lie algebras ggeomMQ¯p
and ggeomMF¯p
by ggeomg,n . They are pro-objects in
the category of Gg,n-modules.
7.1. Variants. The comparison of the relative completions GgeomMQ¯p
and GgeomMF¯p
can
be extended to the relative completion of the universal curve over M . Denote the
pullback to MZurp of the universal curve Cg,n by CZurp . The diagram of profinite
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groups
1 // π1(Cξ¯, x¯
′)(ℓ) // π′1(CF¯p , x¯
′) //

π1(MF¯p , ξ¯)
//

1
1 // π1(Cξ¯, x¯
′)(ℓ) //

π′1(CZurp , x¯
′) //

π1(MZurp , ξ¯)
//

1
1 // π1(Cη¯, x¯)(ℓ) // π′1(CZurp , x¯)
// π1(MZurp , η¯)
// 1
1 // π1(Cη¯, x¯)(ℓ) // π′1(CQ¯p , x¯)
//
OO
π1(MQ¯p , η¯)
//
OO
1
commutes, where rows are exact, after fixing an isomorphism
π1(CZurp , x¯
′) ∼= π1(CZurp , x¯), which determines isomorphisms π1(Cξ¯, x¯
′) ∼= π1(Cη¯, x¯)
and π1(MZurp , ξ¯)
∼= π1(MZurp , η¯). Applying continuous relative completion to this
diagram with respect to their natural monodromy representation to Sp(HQℓ) and
taking Lie algebras, we obtain the commutative diagram
1 // p // ggeom
CF¯p
//

ggeomg,n
//

1
1 // p //

g
geom
CZurp
//

ggeomg,n
//

1
1 // p // ggeom
CZurp
// ggeomg,n // 1
1 // p // ggeom
CQ¯p
//
OO
ggeomg,n
//
OO
1,
where rows are exact and all the left and right-hand vertical maps are isomorphisms.
Proposition 6.6 implies that the map p→ ggeom is injective, since the composition
p→ ggeom → g is injective. Thus there is an isomorphism
g
geom
CQ¯p
∼= g
geom
CF¯p
.
As there is an isomorphism ggeomMQ¯p
∼= ggeomg,n , there is an isomorphism g
geom
CQ¯p
∼= g
geom
Cg,n
,
and these isomorphisms are morphisms in the category of GCg,n -modules. Hence we
will denote the Lie algebras ggeom
CQ¯p
and ggeom
CF¯p
by ggeom
Cg,n
. The canonical morphism
GCg,n → Gg,n makes g
geom
g,n a GCg,n -module.
Proposition 7.10. Each section x of the universal curve f : Ck → Mk induces a
well-defined GSp(HQℓ)-equivariant section of Gr
W
• f∗ : Gr
W
• g
geom
Cg,n
→ GrW• g
geom
g,n .
Proof. By Proposition 6.6, each section x induces a section σgeom of f∗ : G
geom
CF¯p
→
GgeomMF¯p
, which is well defined up to conjugation by an element of P . Thus the
induced section dσ∗ of df∗ : g
geom
Cg,n
→ ggeomg,n is a morphism of GCg,n -modules and
is well defined up to addition of a section of the form ad(u) ◦ dσgeom with u an
element of p. Since ad(u) ∈W−1Der g
geom
Cg,n
, the sections dσgeom and dσgeom+ad(u)◦
dσgeom induce the same section of GrW• df∗ : Gr
W
• g
geom
Cg,n
→ GrW• g
geom
g,n . Denote this
section by GrW• dσ
geom. Since the action of UCg,n on g
geom
Cg,n
and ggeomg,n is negatively
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weighted, the graded Lie algebras GrW• g
geom
Cg,n
and GrW• g
geom
g,n are GSp(HQℓ)-modules
and GrW• dσ
geom is GSp(HQℓ)-equivariant. 
8. The Characteristic Class of A Rational Point
In [11], Hain defined a characteristic class κx for a T -rational point x of the
curve C → T , where T is a smooth variety over a field k with char (k) = 0. For our
comparison purpose, we need to redefine this characteristic class for curves C → T ,
where T is defined over a more general base ring, e.g., Zp. In this section, we
will explain how this can be done and extend the results used in [11] to positive
characteristics. Let B be a connected scheme. Suppose that T is a geometrically
connected smooth scheme over B and that f : C → T is a curve of genus g. In
this section, we associate a cohomology class κx in H
1
e´t(T,R
1f∗Qℓ(1)) to a rational
point x ∈ C(T ).
Denote the relative Jacobian of f : C → T by π : JC/T → T . The scheme JC/T
is a family of jacobians and is an abelian scheme over T . Note that JC/T has a zero
section s0 : T → JC/T . Let η : SpecΩ → T be a geometric point of T . Denote the
fiber of f over η by Cη and the fiber of JC/T → T over η by (JC/T )η. Let x¯ be a
geometric point of Cη. Note that (JC/T )η is the jacobian variety of the curve Cη.
When ℓ is not in char(T ), there are natural isomorphisms
π1((JC/T )η, x¯)
(ℓ) ∼= π1(Cη, x¯)
(ℓ),ab ∼= H1e´t(Cη,Zℓ(1)),
where ab denotes maximal abelian quotient. Denote the lisse sheaf R1f∗A(1) over
T by HA, where A = Zℓ or Qℓ. Then we have
HA := H
1
e´t(Cη , A(1)) =
(
HA
)
η
.
By [6, SGA 1, Expose´ XIII, 4.3, 4.4] , there is an exact sequence
1→ π1((JC/T )η, x¯)
(ℓ) → π′1(JC/T , x¯)→ π1(T, η)→ 1.
Thus the zero section s0 determines a splitting
π′1(JC/T , x¯)
∼= π1((JC/T )η, x¯)
(ℓ) ⋊ π1(T, η) ∼= HZℓ ⋊ π1(T, η),
which is well-defined up to conjugation action of HZℓ . To each rational point
x ∈ C(T ), we associate the divisor Dx := (2g − 2)x − ωC/T , where ωC/T is the
relative canonical divisor of the family C → T . The divisor Dx is homologically
trivial on each geometric fiber, and hence gives a section of JC/T → T , which
determines a class κx in
H1cts(π1(T, η), HZℓ)
∼= H1e´t(T,HZℓ).
Tensoring with Qℓ, we obtain a class in H
1
e´t(T,HQℓ), which we denote also by κx.
Remark 8.1. This class behaves well under base change.
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8.1. Classes of the universal curve overMg,n. Let F be a field of characteristic
zero. Suppose that T is a noetherian geometrically connected scheme over F .
Denote the class in H1e´t(Mg,1/F ,HQℓ) of the tautological section of the universal
curve Cg,1/F → Mg,1/F by κ. This class is universal in the sense that for each
rational point x ∈ C(T ), the class κx ∈ H
1
e´t(T,HQℓ) is the pullback of κ, i.e.,
κx = φ
∗κ, where φ : T →Mg,1/F is the morphism induced by x. Denote the class
of the jth tautological section of the universal curve Cg,n/F →Mg,n/F by κj .
Proposition 8.2 ([11, 12.1]). If g ≥ 3, n ≥ 0, and m ≥ 1, then for all fields F of
characteristic zero,
H1e´t(Mg,n/F [m],HQℓ) = Qℓκ1 ⊕Qℓκ2 ⊕ · · · ⊕Qℓκn.

Suppose that p is a prime number, and that ℓ is a prime number distinct from
p and m is a positive integer such that ℓm ≥ 3. Denote a connected component of
the base change to Zurp of Mg,n[ℓ
m] by MZurp [ℓ
m]. Denote the universal curve over
MZurp [ℓ
m] by CZurp [ℓ
m], and denote the relative Jacobian of CZurp [ℓ
m] over MZurp [ℓ
m]
by JZurp [ℓ
m]. For A = Q¯p and F¯p, the base change to A of JZurp [ℓ
m] and MZurp [ℓ
m]
are denoted by JA[ℓ
m] and MA[ℓ
m], respectively. Let ξ¯ and η¯ be geometric points
ofMF¯p [ℓ
m] andMQ¯p [ℓ
m], respectively. We consider ξ¯ and η¯ as geometric points of
Mg,n/Zurp [ℓ
m] via canonical morphisms induced by base change. Denote the fiber
over ξ¯ and η of CZurp [ℓ
m] → MZurp [ℓ
m] by Cξ¯ andCη. Let x¯
′ and x¯ be geometric
points of Cξ¯ and Cη, respectively. We have the diagram (∗∗)
1 // π1(Cξ¯, x¯
′)(ℓ),ab // π′1(JF¯p [ℓ
m], x¯′) //

π1(MF¯p [ℓ
m], ξ¯) //

1
1 // π1(Cξ¯, x¯
′)(ℓ),ab //

π′1(JZurp [ℓ
m], x¯′) //

π1(MZurp [ℓ
m], ξ¯) //

1
1 // π1(Cη¯, x¯)(ℓ),ab // π′1(JZurp [ℓ
m], x¯) // π1(MZurp [ℓ
m], η¯) // 1
1 // π1(Cη¯, x¯)(ℓ),ab // π′1(JQ¯p [ℓ
m], x¯) //
OO
π1(MQ¯p [ℓ
m], η¯) //
OO
1,
that commutes after fixing an isomorphism π1(JZurp [ℓ
m], x¯′) ∼= π1(JZurp [ℓ
m], x¯), which
determines an isomorphism π1(MZurp [ℓ
m], ξ¯) ∼= π1(MZurp [ℓ
m], η¯). The rows of the
diagram are exact and the vertical maps between the second and third row are
isomorphisms.
Lemma 8.3. Suppose that n ≥ 1. If ∗¯ is a geometric point of MZurp [ℓ
m] and y¯ is
a geometric point of the fiber C∗¯, then the sequence of the maximal pro-ℓ quotients
1→ π1(C∗¯, y¯)
(ℓ),ab → π1(JZurp [ℓ
m], y¯)(ℓ) → π1(MZurp [ℓ
m], ∗¯)(ℓ) → 1
of the exact sequence
1→ π1(C∗¯, y¯)
(ℓ),ab → π′1(JZurp [ℓ
m], y¯)→ π1(MZurp [ℓ
m], ∗¯)→ 1
is exact.
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Proof. A tautological section induces the closed immersion ψ : CZurp [ℓ
m]→ JZurp [ℓ
m]
that makes the diagram
(∗) 1 // π1(C∗¯, y¯)(ℓ) //

π′1(CZurp [ℓ
m], y¯) //
ψ∗

π1(MZurp [ℓ
m], ∗¯) // 1
1 // π1(C∗¯, y¯)(ℓ),ab // π′1(JZurp [ℓ
m], y¯) // π1(MZurp [ℓ
m], ∗¯) // 1
commute, where the left-hand vertical map is the canonical projection. Denote the
kernel of the projection π1(C∗¯, y¯)
(ℓ) → π1(C∗¯, y¯)
(ℓ),ab by N . Then ψ∗ induces an
isomorphism
π′1(CZurp [ℓ
m], y¯)/N ∼= π′1(JZurp [ℓ
m], y¯).
Since by center-freeness π1(C∗¯, y¯)
(ℓ) → π1(CZurp [ℓ
m], y¯)(ℓ) is injective, there is an
isomorphism
π1(CZurp [ℓ
m], y¯)(ℓ)/N ∼=
(
π′1(CZurp [ℓ
m], y¯)/N
)(ℓ)
.
Taking maximal pro-ℓ quotient of the diagram (∗) and pushing out along the sur-
jection π1(C∗¯, y¯)
(ℓ) → π1(C∗¯, y¯)
(ℓ),ab, we obtain the commutative diagram
1 // π1(C∗¯, y¯)(ℓ),ab // π1(CZurp [ℓ
m], y¯)(ℓ)/N //

π1(MZurp [ℓ
m], ∗¯)(ℓ) // 1
π1(C∗¯, y¯)
(ℓ),ab // π1(JZurp [ℓ
m], y¯)(ℓ) // π1(MZurp [ℓ
m], ∗¯)(ℓ) // 1,
where the middle vertical map is an isomorphism. Thus it follows that the map
π1(C∗¯, y¯)
(ℓ),ab → π1(JZurp [ℓ
m], y¯)(ℓ) is injective. 
Proposition 8.4. Assume the notations above. If g ≥ 3 and n ≥ 1, then
H1e´t(Mg,n/F¯p [ℓ
m],HQℓ) = Qℓκ1 ⊕Qℓκ2 ⊕ · · · ⊕Qℓκn.
Moreover, we have
H1e´t(Mg,n/Fq [ℓ
m],HQℓ) = Qℓκ1 ⊕Qℓκ2 ⊕ · · · ⊕Qℓκn,
where Fq = Fp[ζℓm ] and ζℓm is a primitive ℓ
mth root of unity.
Proof. By Lemma 8.3, taking pro-ℓ completion of the diagram (∗∗) gives the com-
mutative diagram
1 // π1(Cξ¯, x¯
′)(ℓ),ab // π1(JF¯p [ℓ
m], x¯′)(ℓ) //

π1(MF¯p [ℓ
m], ξ¯)(ℓ) //

1
1 // π1(Cξ¯, x¯
′)(ℓ),ab //

π1(JZurp [ℓ
m], x¯′)(ℓ) //

π1(MZurp [ℓ
m], ξ¯)(ℓ) //

1
1 // π1(Cη¯, x¯)(ℓ),ab // π1(JZurp [ℓ
m], x¯)(ℓ) // π1(MZurp [ℓ
m], η¯)(ℓ) // 1
1 // π1(Cη¯, x¯)(ℓ),ab // π1(JQ¯p [ℓ
m], x¯)(ℓ) //
OO
π1(MQ¯p [ℓ
m], η¯)(ℓ) //
OO
1,
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whose rows are exact and the vertical maps between the second and third row are
isomorphisms induced by change of base points. Furthermore, the maps
π1(MQ¯p [ℓ
m], η)(ℓ) → π1(MZurp [ℓ
m], η)(ℓ) ← π1(MZurp [ℓ
m], ξ¯)(ℓ) ← π1(MF¯p [ℓ
m], η)(ℓ)
are isomorphisms, and hence by exactness all the vertical maps are isomorphisms.
This implies that there is an isomorphism
H1cts
(
π1(Mg,n/Q¯p [ℓ
m], η)(ℓ), (HZℓ)η¯
)
∼= H1cts
(
π1(Mg,n/F¯p [ℓ
m], ξ¯)(ℓ), (HZℓ)ξ¯
)
.
For A = Q¯p, F¯p, γ¯ = η¯, ξ¯, and y¯ = x¯, x¯
′, respectively, the diagram
1 // π1(Cγ¯ , y¯)(ℓ),ab // π′1(JA[ℓ
m], y¯) //

π1(MA[ℓ
m], γ¯) //

1
1 // π1(Cγ¯ , y¯)(ℓ),ab // π1(JA[ℓm], y¯)(ℓ) // π1(MA[ℓm], γ¯)(ℓ) // 1
is the pullback diagram along the surjection π1(MA[ℓ
m], γ¯) → π1(MA[ℓ
m], γ¯)(ℓ).
Thus there is a canonical isomorphism
H1cts
(
π1(Mg,n/A[ℓ
m], γ¯), (HZℓ)γ¯
)
∼= H1cts
(
π1(Mg,n/A[ℓ
m], γ¯)(ℓ), (HZℓ)γ¯
)
.
Therefore, we have isomorphisms
H1e´t(Mg,n/Q¯p [ℓ
m],HZℓ)
∼= H1cts
(
π1(Mg,n/Q¯p [ℓ
m], η¯), (HZℓ)η¯
)
∼= H1cts
(
π1(Mg,n/F¯p [ℓ
m], γ¯), (HZℓ)ξ¯
)
∼= H1e´t(Mg,n/F¯p [ℓ
m],HZℓ).
Under this isomorphism, the classes κj of the jth tautological section correspond in
H1e´t(Mg,n/Q¯p [ℓ
m],HZℓ) and H
1
e´t(Mg,n/F¯p [ℓ
m],HZℓ). Hence our claim follows from
Proposition 8.2. As to the second claim, the spectral sequence
Hs(GFq , H
t
e´t(MF¯q [ℓ
m],HZℓ))⇒ H
s+t
e´t (MFq [ℓ
m],HZℓ)
and the fact that H0e´t(MF¯q [ℓ
m],HZℓ) = 0 imply that we have
H1e´t(MFq [ℓ
m],HZℓ) = H
1
e´t(MF¯q [ℓ
m],HZℓ)
GFq ⊂ H1e´t(MF¯q [ℓ
m],HZℓ).
Since the tautological sections are defined over Z and hence defined over Fq by base
change, the corresponding classes κj ’s lie in H
1
e´t(MF¯q [ℓ
m],HZℓ)
GFq . Tensoring with
Qℓ, we have
H1e´t(MFq [ℓ
m],HQℓ) = H
1
e´t(MF¯q [ℓ
m],HQℓ) = Qℓκ1 ⊕Qℓκ2 ⊕ · · · ⊕Qℓκn.

8.2. The ℓ-adic Abel-Jacobi map. Suppose that π : A→ T is an abelian scheme
over a smooth scheme over a field F whose fibers are polarized abelian varieties.
For a prime number ℓ not equal to char(F ), the ℓ-adic Abel-Jacobi map agrees with
the association
A(T )→ H1e´t(T,R
1π∗Zℓ(1)), x 7→ κx.
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Lemma 8.5 ([11, 12.2]). If π : A → T is a family of polarized abelian varieties
over a noetherian scheme T , then the kernel of the ℓ-adic Abel-Jacobi map
A(T )→ H1e´t(T,HZℓ)
is the subgroup
⋂
n ℓ
nA(T ) of ℓ∞-divisible points, where ℓ is not in char (T ).
Corollary 8.6 ([11, 12.3]). With notations as above, if the group A(T ) of sections
of π : A→ T is finitely generated, then the kernel of
A(T )→ H1e´t(T,HQℓ)
is finite.
Remark 8.7. By a generalization of the Mordell-Weil Theorem [20] by Ne´ron, when
T is a geometrically connected smooth variety over a field that is finitely generated
over its prime subfield, A(T ) is finitely generated. This is the case, for example,
for the universal curve Cg,n/Fq [ℓ
m]→Mg,n/Fq [ℓ
m].
Applying this result to the relative Jacobian π : JC/T → T associated to the
family of curves f : C → T , where T is a geometrically connected smooth variety
over a field F .
Corollary 8.8 ([11, 12.4]). Assume that the group of sections JC/T (T ) of π :
JC/T → T is finitely generated. If x and y are sections of f : C → T and κx = κy,
then x− y is torsion in JC/T (T ).
8.3. The image of κj in HomGSp(H)(H1(u
geom
g,n ), H). Proposition 6.3 implies that
there is a natural isomorphism
H1e´t(Mg,n/Q¯p [ℓ
m],HQℓ)
∼= HomGSp(H)(H1(u
geom
g,n ), HQℓ).
We can explicitly describe the image of the class κx in HomGSp(H)(H1(u
geom
g,n ), HQℓ).
For n ≥ 1, define
Λ3nHQℓ := {u1, . . . , un) ∈ (Λ
3HQℓ)
n : u¯1 = · · · = u¯n} ⊗Qℓ(−1),
where u¯j is the image of uj in Λ
3
0H := Λ
3H/H 7 for each j. Denote the GSp(H)-
equivariant projection Λ31H → H by h. This projection is induced by twisting the
projection Λ3H → H(1) :
x ∧ y ∧ z 7→ θ(x, y)z + θ(y, z)x+ θ(z, x)y.
Denote the GSp(H)-equivariant homomorphism Λ3nH → H
Λ3nH →
(
Λ31H
)n prj
→ Λ31H
h
→ H
by hj .
Proposition 8.9 ([11, 12.5 & 12.6],[12, 6.5]). If g ≥ 3 and n ≥ 1, for each j =
1, . . . , n, the GSp(H)-equivariant homomorphism
H1(u
geom
g,n )
∼= GrW−1 u
geom
g,n
∼= Λ3nH
2hj
→ H
corresponds to the class κj under the isomorphism
H1e´t(Mg,n/Q¯p [ℓ
m],HQℓ)
∼= HomGSp(H)(H1(u
geom
g,n ), H).
7The representation HQℓ sits in Λ
3HQℓ via the inclusion u 7→ u∧θ, where θ is the polarization.
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Fixing an isomorphism π1(Mg,n/Zurp [ℓ
m], η¯) ∼= π1(Mg,n/Zurp [ℓ
m], ξ¯) determines
the isomorphisms (HQℓ)η
∼= (HQℓ)ξ¯ and u
geom
MQ¯p
[ℓm]
∼= u
geom
MF¯p
[ℓm] that make the diagram
H1e´t
(
MQ¯p [ℓ
m], HQℓ
)

// HomGSp(H)
(
H1
(
u
geom
MQ¯p
[ℓm]
)
, (HQℓ)η
)

H1e´t
(
MF¯p [ℓ
m], HQℓ
)
// HomGSp(H)
(
H1
(
u
geom
MF¯p
[ℓm]
)
, (HQℓ)ξ¯
)
commute. Hence we have
Corollary 8.10. If g ≥ 3 and n ≥ 1, for each j = 1, . . . , n, the GSp(H)-equivariant
homomorphism 2hj corresponds to the class κj under the isomorphism
H1e´t(Mg,n/F¯p [ℓ
m],HQℓ)
∼= HomGSp(H)(H1(u
geom
g,n ), H).

Remark 8.11. The GSp(H)-equivariant projection
Λ3nH = Λ
3
0H ⊕H1 ⊕ · · · ⊕Hn → Hj
onto the jth copy ofH is equal to hj/(g−1) and corresponds to the class κj/(2g−2)
under this isomorphism.
9. Generic Sections of Fundamental Groups
The content of this section should be well known to experts. However, because
of its key role in the proof of Theorem 2, we will give a brief introduction of the
results needed in the proof.
Suppose that S is the spectrum of an excellent henselian discrete valuation ring
R whose residue field k is a perfect field of characteristic p ≥ 0. Denote the fraction
field of R by K. Fix an algebraic closure K¯ of K. Suppose that π : X → S is
a proper smooth morphism with geometrically connected fibers. Let x¯ and x¯′ be
geometric points of the fibers XK¯ and Xk¯, respectively. We also consider x¯ and
x¯′ as geometric points of X via the morphisms j : XK¯ → X and i : Xk¯ → X
induced by base change. Fixing an isomorphism π1(X, x¯) ∼= π1(X, x¯
′) gives the
commutative diagram (∗)
1 // π1(XK¯ , x¯) //
sp
π1(XK , x¯) //
sp
GK //

1
1 // π1(Xk¯, x¯
′) // π1(Xk, x¯′) // Gk // 1
whose rows are exact and vertical maps are surjective. The surjective maps
π1(XK¯ , x¯
′)→ π1(Xk¯, x¯
′), π1(XK , x¯)→ π1(Xk, x¯
′)
in the diagram are the specialization homomorphism defined in [6, SGA 1, X].
Denote the kernel of the natural map GK → Gk by Ik. It is the Galois
group of the maximal unramified subextension Kur in K¯ of K. For a section s
of π1(XK , x¯)→ GK , we define the ramification of s to be the map
rams = sp ◦ s|Ik : Ik → π1(Xk¯, x¯
′).
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This sits in the commutative diagram
1 // Ik //
rams
GK //
sp◦s
Gk // 1
1 // π1(Xk¯, x¯
′) // π1(Xk, x¯′) // Gk // 1.
From this, we see that ramabs : I
ab
k → π1(Xk¯, x¯
′)ab is a Gk-equivariant map and
that when rams is trivial, the section s induces a section s0 of π1(Xk, x¯
′) → Gk.
A section s with trivial rams is called unramified. A section of π1(XK) → GK
induced by a rational point in XK(K) is unramified.
Now, suppose that ℓ is a prime number distinct from char(k) = p. Pushing out
the diagram (∗) along the surjection π1(Xk¯)→ π1(Xk¯)
(ℓ), we obtain the commuta-
tive diagram
1 // π1(XK¯ , x¯)
(ℓ) //
sp(ℓ)
π′1(XK , x¯) //
sp′

GK
s′oo
//

1
1 // π1(Xk¯, x¯
′)(ℓ) // π′1(Xk, x¯
′) // Gk // 1.
The restriction of the composite sp′ ◦ s′ to Ik induces the map
ram(ℓ)s : Zℓ(1)→ π1(Xk¯)
(ℓ).
Proposition 9.1 ([24, Prop. 91]). With the same notation as in above, suppose
that the fibers of π : X → S are curves and that the residue field k of S is finitely
generated over its prime subfield. Then rams(Ik) is a free pro-p group. In particular,
ram
(ℓ)
s is trivial and each section of π1(Xk)→ GK induces a section of π
′
1(Xk)→
Gk.
Let F be a finitely generated field. Suppose that f : C → T is a family of
curves over an irreducible regular scheme T of finite type over a field F . Let L be
the function field of T and ℓ a prime number distinct from char(F ). Let η¯ be a
geometric generic point of C. The image of η¯ in T is a geometric generic point of T .
In the following, fundamental groups are defined by using this choice of base points.
Define the pro-ℓ sections of π1(C) → π1(T ) to be the sections of π
′
1(C) → π1(T ),
where π′1(T ) = π1(T )/ ker(Π→ Π
(ℓ)) and Π = π1(Cη).
Corollary 9.2. Each section of π1(CL)→ GL induces a pro-ℓ section of π1(C)→
π1(T ). Consequently, there is a bijection between the set of conjugacy classes of
pro-ℓ sections of π1(CL)→ GL and that of π1(C)→ π1(T ).
Proof. Proposition 9.1 implies that each section of π1(CL) → GL descends to a
pro-ℓ section at each codimension-1 point of T and Zariski-Nagata purity [6, SGA
1 X Thm. 3.1] then implies that it descends to a pro-ℓ section of π1(C)→ π1(T ).

10. The Proof of Theorem 1 and 2
Our proof of Theorem 1 is basically the same as the one given for Theorem 1 [11]
by Hain. His original proof of the theorem needed to be modified to work in positive
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characteristic. Our proof of Theorem 2 differs from Hain’s proof of Theorem 2 [11];
he studied the weighted completion of the fundamental group of the generic point
of Mg,n/Q using a density theorem [10] and non-abelian cohomology developed by
Kim [18]. Our approach in this paper is to use the results in Section 9. Recall that
p is a prime number, ℓ is a prime number distinct from p, and m is a nonnegative
integer.
Proposition 10.1. Suppose that g ≥ 3, n ≥ 1, and ℓm ≥ 3. If x is a section
of the universal curve Cg,n/F¯p [ℓ
m] → Mg,n/F¯p [ℓ
m] and κx = κj, then x is the jth
tautological point xj.
Proof. Without loss of generality, we may assume that j = 1. The section x is
defined over some finite extension Fq of Fp, which we may assume to contain a
ℓmth root of unity µℓm(F¯p). Thus we consider x as a section of Cg,n/Fq [ℓ
m] →
Mg,n/Fq [ℓ
m]. Denote the relative Jacobian of Cg,n/Fq [ℓ
m]→Mg,n/Fq [ℓ
m] by J . By
Corollary 8.8, t := [x − x1] is a torsion in J(MFq [ℓ
m]). If t = 0, then, since g ≥ 3,
we have x = x1. If t 6= 0 and p
rt 6= 0 for any r ≥ 1, then the sections x and x1
are disjoint, since torsion points whose order is not divisible by p are e´tale over the
base. Hence they induce the morphism
Mg,n/Fq [ℓ
m]→Mg,2/Fq [ℓ
m] y 7→ (Cy ;x1(y), x(y)),
where Cy is the fiber at y of Cg,n/Fq [ℓ
m]→Mg,n/Fq [ℓ
m]. By Corollary 8.10, κx = κ1
implies that the induced GSp(H)-equivariant homomorphism
φ : GrW−1 u
geom
g,n = Λ
3
0H ⊕H1 ⊕ · · · ⊕Hn → Gr
W
−1 u
geom
g,2 = Λ
3
0H ⊕H1 ⊕H2
is given by
(v;u1, . . . , un) 7→ (v;u1, u1).
This is impossible by Lemma 13.1 [11]. If prt = 0 for some r ≥ 1, then pr−1t is a
p-torsion in J(MFq [ℓ
m]). Proposition 4.8 [1] implies that pr−1t = 0, so inductively
we see that t = 0. 
Proof of Theorem 1. It is enough to show for the case ℓm ≥ 3. The valuative crite-
rion of properness and the normality of Mg,n/F¯p [ℓ
m] implies that each K-rational
point of Cg,n/F¯p [ℓ
m] gives a unique section of the universal curve. Hence we have
Cg,n/F¯p [ℓ
m](K) = Cg,n/F¯p [ℓ
m](Mg,n/F¯p [ℓ
m]). Let x be a section of Cg,n/F¯p [ℓ
m] →
Mg,n/F¯p [ℓ
m]. By Corollary 10.3 [11] the section x induces a section sx of ǫn :
dg,n+1 → dg,n (see [11, §10] for the definition of dg,n). By Proposition 10.8 [11], we
have sx = sj for some j ∈ {1, . . . , n}. Recall that sj is the section of ǫn induced by
the jth tautological point. Corollary 8.10 implies that κx = κj and thus we have
x = xj by Proposition 10.1. 
Proof of Theorem 2. Suppose that there is a section s of π1(C, x¯)→ GL. By Corol-
lary 9.2, the section s induces a pro-ℓ section s(ℓ) of
1→ π1(Cη¯, x¯)
(ℓ) → π′1(CFq [ℓ
m], x¯)→ π1(MFq [ℓ
m], η¯)→ 1,
which induces a GSp(H)-equivariant section of ǫ0 : dg,1 → dg,0. By Proposition 10.8
[11], there is no GSp(H)-equivariant section of ǫ0. Therefore, there is no section of
π1(C, x¯)→ GL.
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